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in a microwave-driven magnon gas
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A magnon gas in a film of yttrium iron garnet driven by microwave radiation exhibits Bose-Einstein
condensation (BEC) when the driving power exceeds a critical value. We show that the nature and the critical
exponents of the BEC transition change dramatically if the BEC magnons are significantly coupled to the
zone-center magnons. The theoretical results explain the diverse behavior of the order parameter inferred from
the experimental data for the light scattering and the microwave emission from the BEC observed with

coherent and incoherent microwave pumping.
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It has been well-established experimentally!™ and
theoretically® that quasiequilibrium Bose-Einstein condensa-
tion (BEC) of magnons is achieved at room temperature in
films of yttrium-iron garnet (YIG) driven by microwave ra-
diation if the driving power exceeds a critical value. The
BEC state is characterized by coherence, by a number of
condensate magnons close to the number of pumped mag-
nons and by an order parameter represented by a macro-
scopic small-signal transverse magnetization.® The properties
of the BEC have been observed and measured experimen-
tally with Brillouin light scattering (BLS) techniques'— and
through the microwave emission from uniform magnons
generated by BEC magnon pairs.*>

In a YIG film magnetized by an applied in-plane field, the
combined effects of the exchange and magnetic dipolar in-
teractions among the spins produce a magnon dispersion re-
lation (frequency w; versus wave vector k) that has a mini-
mum wyg at k, ~10° cm™'. The dynamics of magnons driven
parametrically in the film by a pulsed microwave magnetic
field has been studied by Brillouin light scattering with time,
frequency, and wave-vector resolution.' The experiments
show that if the power of the pumping microwave with fre-
quency f,=8.1 GHz exceeds a first threshold value, there is
a large increase in the population of the parametric magnons
with frequency in a narrow range around f,/2=4.05 GHz.
Then the energy of these primary magnons redistributes in
about 50 ns through modes with lower frequencies down to
the minimum frequency fiin=wi/27=2.9 GHz (for H
=1.0 kOe) as a result of magnon interactions that conserve
the number of magnons. This produces a hot magnon gas
that remains decoupled from the lattice for several hundred
ns due to the long spin-lattice relaxation time. As the micro-
wave power is increased the chemical potential rises and
approaches the minimum energy producing an overpopula-
tion of magnons around that frequency.

The BLS experiments reveal that if the microwave power
exceeds a second threshold value, much larger than the one
for parallel pumping, the magnon population condenses in a
narrow region in phase space around the minimum frequency
fmin and develops quantum coherence.>® The coherence of
the magnon condensate is also demonstrated in another set of
experiments*? in which the applied in-plane static field has a
value such that the frequency of the k=0 magnon is w
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=2wy. In this case a microwave radiation signal is generated
by k=0 magnons created by pairs of BEC magnons kg, —k
through a three-magnon confluent process. The k=0 value is
necessary for emission because the wave number of electro-
magnetic radiation with frequency f=1.5 GHz is k=2nf/c
~(.3 cm~'. Microwave emission is observed whether the
microwave driving is coherent* or incoherent,” demonstrat-
ing the coherence of the BEC magnons. In an earlier paper®
we presented a theoretical model for the dynamics of mag-
nons in a YIG film driven by microwave radiation far out of
equilibrium that provides rigorous support for the formation
of Bose-Einstein condensation of magnons. The model relies
on the cooperative action of magnons with frequencies close
to fmin through the nonlinear four-magnon interactions.

The theory provides the basic requirements for the char-
acterization of a BEC, namely: (a) the onset of the BEC is
characterized by a phase transition that takes place as the
microwave power p is increased and exceeds a critical value
Pco; (b) the magnons in the condensate are in coherent states
and as such they have nonzero small-signal transverse mag-
netization that is the order parameter of the BEC; (c) for p
> p., the magnon system separates in two parts, one in ther-
mal equilibrium with the reservoir and one with N, coherent
magnons having frequencies and wave vectors in a very nar-
row region of phase space. As the microwave power in-
creases further N, approaches the total number of magnons
pumped into the system characterizing unequivocally a
Bose-Einstein condensation. In this paper we show that the
resonant coupling of BEC magnon pairs to k=0 magnons
affects considerably the dynamics of the formation of the
magnon BEC. As a result the nature and the critical expo-
nents of the BEC phase transition change dramatically if the
BEC magnons are significantly coupled to the zone-center
magnons. The theoretical results explain the diverse behavior
of the order parameter inferred from the experimental data
for the light scattering and the microwave emission from the
BEC magnons.

We use a quantum spin-wave formalism to treat the exci-
tations of a magnetic system described by the following
Hamiltonian,

H=Hy+H% + HY + H, (1), (1)

where
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H0=h2 wkack (2)
k

is the unperturbed Hamiltonian representing free magnons
with frequency w; and wave vector k described by creation
and annihilation operators ¢; and ¢, H H® and H® represent
the nonlinear magnetlc interactions and H ff(t) the effective
driving of the ky, —k, magnon pairs through the collective
action of the magnon gas created by the microwave
pumping.® The magnetic Hamiltonian is dominated by Zee-
man, exchange, and magnetic dipolar contributions. For
small values of the wave number such that the wavelength is
comparable to the shortest sample dimension the magnon
frequency depends strongly on the dipolar interaction and
this produces the minimum in the dispersion relation away
from the zone center.

As is well known the eigenstates |n;) of the free Hamil-
tonian H, and of the number operator n;=cjc; can obtained
by applying integral powers of the creation operator to the
vacuum. These states have precisely defined number of mag-
nons 7, but they have uncertain phase and zero expectation
value for the small-signal transverse magnetization operators
m, and m,, where Z is the equilibrium direction of the mag-
netization M=2M .+Xm,+ymy. Thus the eigenstates of n; do
not have a macroscopic wave function. The states that cor-
respond to classical spin waves are coherent magnon states’-
defined as the eigenkets of the circularly polarized magneti-
zation operator m*=m,+im,. They can be written as the di-
rect product of single-mode coherent states, the eigenstates
of the annihilation operator, c;|a;)=a|a;), the eigenvalue a;
being a complex number. The coherent states do not have
well-defined number of magnons but they have nonzero ex-
pectation values for the magnetization m* with a well-
defined phase. It can be shown’= that the coherent state |a)
has an expectation value for the number operator given by
(ny=|ay/* and a small-signal transverse magnetization

m* o |ay| = (n)'"2. (3)

In Hamiltonian (1) the only terms in H*® relevant for the
dynamics considered here are the ones describing the three-
magnon confluence process!'®!!

H® = hV(3)CgckOC—k0 +H.c., (4)

where the vertex of the interaction for small wave vectors is
dominated by the dipolar interaction and is given approxi-
mately by V(3=wy,/(2SN)"'?, N being the number of spins S,
wy=v4mM, where M is the saturation magnetization and
v=gug/h is the gyromagnetic ratio (2.8 GHz/kOe for YIG).
In the process studied here the term H® in Eq. (1) represent-
ing the four-magnon interaction has contributions conserving
energy and momentum given by!%-12

4)_ﬁ2 < Skk!CkC_kalC r Tkerka,Ckar) (5)
k&'

where the interaction coefficients are determined mainly by
the dipolar and exchange energies. For the k values relevant
to the experiments the exchange contribution is negligible so
that the coefficients in Eq. (5) are given approximately by the
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bulk values for the dipolar interaction
S =2Tr=20y/NS. '91n Eq. (1) H}(7) is the Hamiltonian
for driving k, kO magnon pairs given by®

eff(t) = fi(hp) ﬁe_’z“'w’c ct Tk +H.ec., (6)
where

(hp)orr== 11, (p = P1)/ (P2 = Per 112 7)

represents an effective driving field expressed in terms of the
microwave pumping power p, the critical power p., for the
formation of the BEC, the critical power p.; for parallel
pumping and the intermagnon relaxation rate 7,,.

Using Hamiltonian (1) with Egs. (4)—(6) as the interaction
and driving terms one can write the Heisenberg equations for
the operators ¢; and ¢} from which several quantities of in-
terest can be obtained. One of them is the correlation func-
tion o defined by,!?

o= (cre_p) = nyeFre K, )

where n, is the magnon number operator and ¢, is the phase
between the states k and —k. To study the process by which
the pairs of BEC coherent magnons ko, —ko are produced and
then generate k~0 modes we use Hamiltonian (1) to obtain
the equations of motion for the magnon operators ¢, and ¢y,

dcy . . .
Pl (iwg + 79+ 1V (gyno)co — iV (3)Cr0C k0> 9

deO

il (i + o + 12Viaymeo)cio

= i[Viyco+ (hp) gre™ 0 T, (10)

where V(=S +2Ty=4wy /NS and the relaxation rates
were introduced phenomenologically. We consider that all
states involved are coherent magnon states as demonstrated
earlier®'® and work with the corresponding eigenvalues a.
In addition we consider that many states in a very narrow
region of phase space around kj, w;, are occupied by the
condensate magnons and they act together driving the k=0
magnons. So we introduce in the equations a factor p,, that
represents the number of states occupied by condensate mag-
nons weighted relative to the k, mode. The equations of mo-
tion for the eigenvalue « and the correlation function oy,
=9a_yo in a frame rotating with frequency 2w, become

day )
E =—i(wy = 2040 + Vigyno) ag — 1m0 = iproV(3)0%0-
(11)
doy . .
o 2( o + 12Viaymio) 0o = 2L Vigy o/ pro + (hp) orliigg -

(12)

Note that in Eq. (12) the term representing the coupling
with the k=0 mode is divided by the factor p;, assumed in
the driving because oy corresponds to only one pair-mode
ko. This term represents a reaction of the k=0 mode that
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influences the behavior of the BEC modes. In steady-state
d/dt=0 Eq. (11) leads to

—ipVs)
0= B O%0-
7o+ i(wy = 2040 + Vigyng)

(13)

(7

This result shows that the BEC magnon pairs drive the uni-
form mode as an effective microwave magnetic field by
means of the three-magnon interaction. Note that there is no
threshold condition in this process, BEC magnon pairs with
any value of ny, will create k=0 magnons. However, this
process is effective only when the applied field H is such the
resonance condition wy=2w,, is satisfied. The presence of
the term iV(4yn, in the denominator due to the four-magnon
interaction represents a detuning from the resonance condi-
tion due to the renormalization of the k=0 mode frequency.
In fact, this term is responsible for the saturation in the
growth of the k=0 mode amplitude with pumping power
observed experimentally in Ref. 4 when a single-frequency
microwave source is used in the pumping.®!3

Equation (13) shows that if the applied field is such that
the frequencies w, and 2w, are very different, a;= 0 so that
the coupling of the BEC modes to the k=0 mode is ineffec-
tive. In this case the solution of Eq. (12) with d/dr=0 is
straightforward and using Eqs. (7) and (8) one obtains the
steady-state population of the ky mode in terms of the pump-
ing power

nH 12
ny = (p —Pe ) ’ (14)
‘o (pCZ_pcl)l/z :
where
Ny = 7,,/2V 4y = 15,,NS/8wy. (15)

Considering the factor p;, representing the modes in a
narrow region of phase space around k,, w;, one can write
the number of magnons in the condensate as

__ Pwm 12
NO (pd _pd)l/z(p pc2) . (16)

Note that the factor py is introduced in an ad hoc manner
in the model in order to apply the one-mode calculation to
the many mode problem and it is determined by the fit of the
theoretical results to the experimental data. Equations (14)
and (16) are valid only for p=p,,. They show that the onset
of the BEC is characterized by a second-order phase transi-
tion with a critical exponent % for the condensate number.
Correspondingly, the small-signal magnetization that repre-
sents the order parameter of the BEC has a critical exponent
i. Figure 1(a) shows the variation in N, with power calcu-
lated with p,u=4.4X 10° which is a value used to fit the
experimental data of Refs. 2—4. Note that this value is very
small compared to the number of states Ny~ 10° calculated
numerically by counting states in k space with frequencies in
the range of wko—wp/2.6

Consider now that the resonance condition wy=2wy, is
satisfied so that the coupling between the modes is effective.
For low values of p; Egs. (11) and (12) can be solved in the
steady state with a few approximations to obtain analytical
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FIG. 1. Variation with microwave pumping power of the nor-
malized steady-state magnon number of the BEC. The curves rep-
resent the theoretical results obtained with the values of p;, indi-
cated in each panel. In (a) there is no coupling between the BEC
and the k=0 magnons while in (b), (c), and (d) there is resonant
coupling with wy=2wy,. The symbols represent values obtained
from the experimental data of Refs. 2-5 as explained in the text.

expressions for the magnon populations n, and 7, as a func-
tion of pumping power. For low p,, the number n, is rela-
tively small so that V4yn,<< 7. For moderate powers above
the critical value the phase of the correlation function is such
that (Tkoz_inko and Eq (13) leads to aoz—V(?,)pkonk()/ o-
This result can be used to solve Eq. (12) with d/dt=0 to give
the steady-state value for the population of the k, magnons,

Mgy = %[ [(h)ofrl = m10)]. (17)
Vi)

Note that in the presence of the coupling with the uniform
mode the growth of the k, magnon population is limited by
the three-magon interaction instead of the four magnon that
prevails with no coupling. More striking is the change in the
power dependence of ny. Using Eq. (7) in Eq. (17) and
considering p.,>p.; one obtains for pumping power near
the critical value p=p_,,

Pro7
~ P00 (), ). (18)

0
2V(23)Pcz

Equation (18) reveals that the number of magnons in the
condensate varies linearly with the driving power so it has
critical exponent 1 instead of % as in the case of zero cou-
pling to the k=0 mode. Using the relations «
~=VaProro/ Mo and ng=|ag|*> in Eq. (18) we obtain the
power dependence of the population of the k=0 mode,

2 .2
__ Pko"ko

2
~ P=Do)” (19)
4V(23)P§2

no

The signal power radiated by the uniform magnetization
precessing about the static field with frequency w, is, as
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shown in Refs. 6 and 13, proportional to the number of k
~0 magnons, p,%n, Thus Eq. (19) implies that for low
values of p;, the signal power varies quadratically with the
pumping power, as observed in experiments employing inco-
herent microwave driving.

If the number of BEC modes p, is large one cannot solve
the coupled Egs. (11) and (12) analytically. We have used a
Runge Kutta code to calculate numerically the real and
imaginary parts of a and o, as a function of time from
which we find the steady-state values of the magnon popu-
lations n and ny, for each pumping power. The calculations
were done assuming 7= ;o= 17),, and using dimensionless
variables and parameters: n;=m; /SN, t'=n,t, V3
= V(g)(SN) 1/2/2 Mins V(’4)= V(4)(SN)/277m and (hp)cr’ff
=(hp)esy! My With 47M=1.76 kG and 7,,=5X10" s™' we
have V(3 =219.0 and V,=1240.0. The curves in panels (b),
(c), and (d) in Figure 1 show the calculated variation with
microwave power of the normalized steady-state number of
BEC magnons for three values of p;q, 5.0, 100, and 4400.

Figure 1 shows clearly the crossover behavior in the BEC
phase transition with the conditions of the coupling to the
k=0 mode. In the absence of coupling the transition is of
second order and the critical exponents of the condensate
number N, and of the small-signal magnetization of m™* are,
respectively, % and 41-1. For resonant coupling and low values
of pio the onset of the BEC also follows a second-order
phase transition, Ny (p—p.,), m*=(p—p.,)'"?, so the critical
exponents are 1 and % However, for resonant coupling and
large values of py, the onset of the BEC is characterized by a
first-order phase transition at p,.

The theoretical predictions of the model are confirmed by
the experimental data of Demokritov and co-workers!™ ob-
tained with two very different techniques, BLS from mag-
nons and microwave emission from the uniform mode driven
by BEC magnon pairs. The BLS experiments were carried
out with applied fields such that the coupling of the BEC
magnons with the k=0 mode is negligible. As argued in
Refs. 2 and 6 the intensity of the BLS peak at the BEC
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frequency is proportional to the square of the condensate
magnon number. The symbols in Figure 1(a) correspond to
0.026 1113/35, where Illg/LzS is the measured” BLS peak intensity
as a function of power for p=p.,=2.8 W. The symbols in
Figures 1(b) and 1(d) were obtained from the microwave
emission data of Refs. 4 and 5, respectively, obtained in the
resonant condition, considering that the signal power is Ps
%nyNj. The symbols in (b) correspond to 3.45X 107 p!’/
and in (d) to 0.473 pi’ 2. The drastic difference between the
two figures is due to the fact that in Ref. 4 the pumping is
done with a single-frequency coherent microwave source
whereas in Ref. 5 the pumping employs a broadband inco-
herent source. As shown earlier®!® the model fits very well
the data of Ref. 4 with p;;=4400 and p.,=2.8 W. On the
other hand the data of Ref. 5 are fit with p;,=5.0. The reason
for the very large change in the fitting parameter is not quite
clear. It may be caused by the change in the driving field
from coherent to incoherent. But it may also be due to the
fact that the experiments reported in Refs. 4 and 5 employ
different spatial pumping configurations since they were car-
ried out in different laboratories. The deviation of the data
points from the theoretical curve in (d) is attributed to the
fact that with coherent pumping the number of k=0 magnons
at higher power is large and the term iV(4n in the denomi-
nator of Eq. (13) becomes important so that p, is not quite
proportional to N(Z).

In summary we have shown that in a YIG film driven by
microwave radiation the phase transition characterizing the
Bose-Einstein condensation exhibits a crossover behavior as
the conditions of the coupling between the BEC and the k
=0 magnons change. The theoretical predictions of the
model are supported by the experimental data obtained with
light scattering and microwave emission from the BEC
magnons.
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